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5_^ , Abstract. In this paper, new integral inequalities of Hadamard type involv- 

Cw ■ ing several differcntiable ip — r— convex functions are given. 



r \ • 1- Introduction 

(-H ' It is well known that if / is a convex function on the interval / = [a, b\ with 

-y ! a < b, then 

00 
t — 

»vj ' which is known as the Hermite-Hadamard inequality for the convex functions. 

^SJ ! In [ID] Pearce et. al. generalized this inequality to r-convex positive function / 

__r ' which defined on an interval [a, &], for all a:, y € [a,b] and i G [0, 1] 

o 

(N 



1 [/wr [/(?/)], ifr=o. 



We have that 0-convex functions are simply log-convex functions and 1-convex 
C^ , functions are ordinary convex functions. 

Recently, the generalizations of the Hermite-Hadamard's inequality to the inte- 
gral power mean of a positive convex function on an interval [a, b], and to that of a 
positive r-convex function on an interval [a, b] are obtained by Pearce and Pecaric, 
and others (see [5]-[T3])- 

For some results related to this classical results, (see [I], [2], [8], [9]) and the ref- 
erences therein. Dragomir and Mond [1] proved the following Hermite-Hadamard 
type inequalities for the /05-convex functions: 
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(1.1) / F^ < exp 



In [/ (x)] dx 



b 

< T^ I G{f{x),f{a + b-x))dx 
b- a J 



b 

< r^ [ f{^)dx 



b- 



< L if (a) Jib)) 

fia) + fib) 
- 2 

where G (p, q) — ^/pq is the geometric mean and L (p, q) = j^^^j'^ ip 7^ q) is the 
logarithmic mean of the positive real numbers p, q (for p = q, we put L ip, q) = p). 
This paper, except for the introduction, is divided into two sections. In Section 
1, we give the some definitions of (^—convex functions given by Noor in [3, and [7] 
and we will give a new definition. By using the new definition is defined in Section 
1, we will give the proof of main theorems in Section 2. 

2. Definitions 

Let Khe a nonempty closed set in M". Let f,ip:K^i'M.he continuous functions. 
First of all, we recall the following well know results and concepts, which are mainly 
due to Noor and Noor [7 and Noor [5]. In [3, and [7,, the following new class of 
functions are defined by Noor: 

Definition 1. Let u £ K. Then the set K is said to be ip — convex at u with respect 
to ip, if 

u + te'"^ iv~u) e K, Vu, V e K, te [0, 1] . 

Remark 1. We would like to mention that the {Ip of a ip —^ convex set has a 
clear geometric interpretation. This definition essentially says that there is a path 
starting from a point u which is contained in K . We do not require that the point 
V should be one of the end points of the path. This observation plays an important 
role in our analysis. Note that, if we demand that v should be an end point of the 
path for every pair of points, u,v £ K , then e''^ iv — u) ~ v — u if and only if, 
<p = 0, and consequently ip — convexity reduces to convexity. Thus, it is true that 
every convex set is also an ip — convex set, but the converse is not necessarily true, 
see [3], [7] and the references therein. 

Definition 2. The function f on the ip — convex set K is said to be p ~ convex 
with respect to ip, if 

f{u + te"f iv - u)) < (1 - t) / (u) + tf iv) , Vu, w e K, t G [0, 1] . 

The function / is said to be (/s — concave if and only if — / is </? — convex. Note 
that every convex function is a (/? — convex function, but the converse is not true. 
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Definition 3. The function f on the ip — convex set K is said to be logarithmic 
if — convex with respect to ip , such that 

f{u + te'^ {v - u)) < (/ {ujf-' (/ {v)f , u,veK,t e [0,1], 

where fi.)>OmMM- 

Now, we will define a new definition for (p — r — convex fonctions as follows: 

Definition 4. The positive function f on the ip — r ~ convex set K is said to be 
(^ — r — convex with respect to ip, if 

/(«+<e.'(„-„))<|«i-li/(;')i;;'[/Mr)'. ■■#» 

We have that (/s — O— convex functions are simply logarithmic (/s—convex functions 
and ip — 1— convex functions are (/3— convex functions. 
From the above definitions, we have 

f{u + te^'^{v~u)) < if {u)f-' if iv)f 

< il-t)f{u) + tfiv) 

< max {/(u), /(«)}. 

In [5], Noor established following theorem for (/3— convex functions: 

Theorem 1. Let f : K = [a,a + e'"^ {b — a)] — >■ (0, oo) be a ip — convex function 
on the interval of real numbers K^ (the interior of K) and a,b £ K'^ with a < 
a + e"f{b-a) and < tp < f . Then 

(2.1) / f'^^^y-^A < _^ "7'^ (-) ^- < ^^^^^^. 

a 

The main purpose of this note is to establish new integral inequalities Hadamard 
type involving product of two ip — r — convex fonctions. Two refinements of 
Hadamard's integral inequality for r-convex functions recently established by Ngoc 
et. al. are shown to be recaptured as special instances. The method employed in 
our analysis is based on the basic properties of logarithms and the application of 
the well known Holder's integral inequality and Minkowski's integral inequality. 

3. Main Results 
Now, we start with the following our main theorem. 

Tiieorem 2. Let f : K = \a,a + e'"'' [b — a)] — > (0, oo) be ip — r — convex functions 
on the interval of real numbers K^ (the interior of K) and a,b £ K^ with a < 
a + e'-'^ib-a) anrf < </? < f . Then 



a+e*'^(fc-a) ^ 

(3-1) ^7^^ / / w rf- <(^) '■([/(«)]'■ +[/(6)n' 
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Proof. Since / is (p — r — convex function and r 7^ 0, we have 

f{u + te^'^{v-u))<{{l-t)[f{u)r + t[f{v)Yy,r^O 
for all t e [0, 1]. It is easy to observe that 



(3.2) 



1 



e*"^ (6 - a) 



f{x)dx = f{a + te'"^ [h - a)) dt 



Using Minkowski's inequality (|3.2p . we have 



{{i-t)[f{a)Y + t[f{b)rydt < 



< iii-t)[f{a)r+t[fib)rydt. 



(l-t)- f{a)dt\ + t-f{b)dt 



r+l 



{[li'tY+um'r- 



Thus, it is the required inequality in (jSTTj). This proof is complete. 



D 



Corollary 1. Under the asumptions of Theorem\^ with r — 1, the following in- 
equality holds: 



a-\-e^^ (fc— a) 



e**' {b - a) 



f (x) dx < 



no) + f{b) 



Theorem 3. Let f,g:K= [a,a + e**^ {b — a)] — > (0, oo) be ip — r — convex and 
If — s — convex functions on the interval of real numbers K^ (the interior of K) 
and a,b G K^ with a < a + e''^ (b — a) and < (p < ^. Then 

f (x) 9 (x) dx 



(3.3) 



and 



(3.4) 



e'-'P (6 - a) 



< 



r + 2 



{[fia)Y + [f{b)]y 



s + 2 



i[9ia)r + [9my 



a+e^*^ (b—a) 



e^v (b - a) 



< 



(r + 2) (s + 2) 



/ (x) g (x) dx 



{[f{a)r + [f{b)rV{[9ia)r + [9ib)r 



THE HERMITE -HADAMARD'S INEQUALITIES FOR <p - r - convex FUNCTIONS 5 



Proof. Since f is tp — r — convex function and g is (p — s — convex function (r > 
0, s > 0), then we have 



(3.5) 



/ (a + te^-^ {b a)) < ((1 - t) [f {a)Y + t [f ib)]y 



(3.6) g {a + te^^ (b - a)) < ((1 - t) [f ia)Y + t [f {b)Yy . 
Muhiplying both sides of ()3.5|) by (|3.6|) . it fohows that 

(3.7) / (a + te"^ (6 - a)) g{a + te"^ {b - a)) 

< ((1 - t) If (a)]'' + t [f {b)ry ((1 - t) [g {a)r + t [g {b)]y 
Integrating the inequahty p. 71) with respect to t over [0, 1], we obtain 

a+e'»'(f)-a) 

(3-8) e^.(l.a) / f ('^'^ 9 i^) dx 



< y ((1 - 1) [f ia)r + 1 [f {b)ry ai t) [g {a)r + 1 [g my dt. 



Using Cauchy Swartz's inequahty, we have 
1 
(3.9) J ((1 - t) [f {a)r + t [f {b)ry ((1 - t) [g (a)]^ + t [g (6)]^)' dt 



< (j{{l-t)[f{a)Y+t[f{b)rydt\ lj{{l^t)[g{a)r+t[g{b)]ydt 

Using Young's inequahty(2a6 < a^ + b^) for right-hand side of the inequahty 
we have 

(3.10)1 f{{l-t)[f{a)Y+t[f{b)rydt] I [{{l-t)[g{a)r+t[g{b)rydt 



\0 



< 



y(il^t)[fia)r + t[fib)rydt+lj{{l^t)[g{a)r+t[g{b)r)- 



dt. 





Using Minkowski's inequahty right-hand side of the inequahty p.lOp . we have 
1 

(3.11) Jiii-t)[fia)r+t[fib)rydt 







< 



{l-t)^[fia)fdt\ + I I t^f{b)fdt 



\0 

r 
r + 2 



([/(«)r + [/wr 
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Similarly we have: 

1 
(3.12) J ((1 - t) [g ia)r + t [g (6)]^)' dt < (^-^) {[g (a)]^' + [g (6)]^)? . 



Adding ([3T1|) and (f3TT2l) and rewriting (|3^ . we obtain ([331) . 

Now, using Minkowski's inequality for right-hand side of the inequality (J3.9I) . we 
have 



(3.13) 



{{i-t)[f{a)r+t[f{brydt 



< 



\0 

r 



r + 2 



il~t)-[fia)fdt\ + I I t^f{b)fdt 



([/(a)^ + [/(5)]'■)^ 



and similarly 



(3.14) {{l-t)[g{a)r+t[gib)rydt\ < 



s + 2 



i[gia)r + [gib)ry 



Writing p.l3|) and p.l4|) in p.9|) . and rewriting p.Sp . we get the desired inequality 
in p.4p . The proof is complete. D 

Corollary 2. Under the asumptions of Theorem\^ and with s — r = 1 we have 



1 



e^'P {b - a) 



f (x) g (x) dx < 



{[fia)] + [fm) + i[9ia)] + [g{b)]) 



and 



1 



a-fe^*^ {b—a) 



e^v (b - a) 



f (x) g (x) dx < 



{[f{a)] + [fmf{[9ia)] + [9(b)]f 



Corollary 3. Under the asumptions of Theoreni\^and with s = r and f [x) — g {x), 
we have 



1 



a+e^*^ {b—a) 



e**^ (6 - a) 



/2 [x] dx < 



r + 2 



{[f{a)r + [f{b)]y 



and 



a+e'»'(b-a) 



e"fi {b - a) 



f\:c)dx<[y^]{[f{a)Y + [f{b)]y 
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Remark 2. // we take g {x) ~ 1 in Corollary\^ we have 

a+e*^ (6— a) 



and 



e'^'c (b-a) J -I y / - g 



a+e''^(6-a) 



[1 
[2; 
[3; 

[4 

[6: 
[7: 
[s; 

[9; 

[lo; 

[11 

[12; 

[is; 



e^v (b - a) 

a 
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